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ON SIMPLE AND SEMISIMPLE QUANTALES 



DAVID KRUML AND JAN PASEKA 



Abstract. In a recent paper [|7|, J. W. Pelletier and J. Rosicky published a 
characterization of *-simple *-quantales. Their results were adapted for the 
case of simple quantales by J. Paseka in |5|. In this paper we present similar 
characterizations which do not use a notion of discrete quantale. We also show 
a completely new characterization based on separating and cyclic sets. Further 
we explain a link to simple quantale modules. To apply these characterizations, 
we study (*-)semisimple (*-)quantales and discuss some other perspectives. 
Our approach has connections with several earlier works on the subject j^, ^ . 



1. Preliminaries 

Definition 1.1. By a sup-lattice is meant a complete lattice, a sup-lattiee morphism 
is a mapping preserving arbitrary joins. 

If / : 5 — > T is a sup-lattice morphism, the assignment 

fis)<t^s<f^{t), 

explicitly 

nt)^\/{s\fis)<t}, 

defines a mapping f~^:T^S preserving all meets. This mapping is called the 
adjoint of /. 

The top element of a sup-lattice is denoted by 1, the bottom element by 0. 

Definition 1.2. By a quantale is meant a sup-lattice Q equipped with an associa- 
tive multiplication which distributes over joins 

a (\J ai^ = \J(aai), (\J j a = 

for all a, ai G Q. 

An element a G Q is called right-sided or left-sided if al < a or la < a, respec- 
tively. We write a e 7^(Q), resp. a G C{Q). Elements of r(Q) = ■R{Q) fl C{Q) are 
called two-sided. 

A quantale morphism is a sup-lattice morphism preserving multiplication. 
An equivalence relation ~ on Q is said to be a congruence if 



ca • 



cb, ac ^ be, Oi hi ^ \/ Qi ^ \/ bi 
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for all a,b,c, ai, hi G Q. One can easily check that congruences are exactly coset 
equivalences given by quantale morphisms. 

Actions a„, „a for fixed a £ Q determine sup-lattice endomorphisms on Q. Their 
adjoints are denoted by „ ^ a, a ^ ^, respectivelyjj That is, 

a<b—rc<^ab<c<^b<c'^a. 

The operations ^ arc called residuations. 

A set P C Q is said to be residually closed ii a ^ p ^ P,p ^ a £ P for every 
a e Q,p e P. 

Lemma 1.3. Q Let Q be a quantale, a,b,c,ai G Q. Then 





> c) a 


= b^ {c^ a), 


a 


(b^c) 


= (ab) c, 




-a)^b 


c ^ (ab), 


(V 


a,ij — + c 


= ^ c), 


c ^ 




= /\(c^aO. 



Definition 1.4. By a ^-^itantoZ^ is meant a quantale Q with a unary operation 
of involution such that 



(a6)* = 6*a* 



(V«^)* = V< 



for all a, 5, G Q. 

An element a G Q is called hermitian if a* ~ a, the set of hcrmitian elements is 
denoted by 'H{Q). 

By a *-quantale morphism (or simply a *-morphism) is meant a quantale mor- 
phism of *-quantales which also preserves the involution. 

A quantale congruence ^ on a *-quantale Q is said to be a *- congruence if 

a ~ 6 ^ a* 6* 

for all a,b ^ Q. 

Note that (a ^ b)* = b* ^ a* . 

Definition 1.5. Let Q be a quantale. By a left (right) Q-module is meant a 
sup-lattice M with an action Q x M ^ M (M x Q ^ M) provided that 



( {\/ niij a = \/{mia),^ 
y (mb)a = m{ba) J 



a{bm) = {ab)m 

for all a, 5, Oi G Q, m, G M. 

An adjoint of the module action is called a residuation as well and d enot ed by 
^ (^)- One can easily verify similar properties of the residuation as in 1.3, from 



^The notation of residuations i n li terature varies. Rosenthal 
motivated by the first assertion of 



uses -^i,— >r, our notation is 



1.3, which makes possible to omit parenthesis. 
In ^, jsj, *-quantales are called involutive quantales, as well as the following concepts. 
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whose it follows that M°p with the residuation is a right (left) Q-module. M°p is 
called a dual module of mJ^ 

A mapping f : M ^ N oi two left (right) Q-modules M,N is said to be a Q- 
module morphism if / is a sup-lattice morphism and f{am) = af(m) {f{ma) = 
f{m)a) for every a ^ Q,m ^ M . Let us recall that the adjoint : Af°P of 

a Q-module morphism / : M — > TV is a Q-module morphism of dual modules (cf. 
0). Two special cases of the module morphism is a submodule inclusion and a 
quotient mapping. An adjoint of inclusion is a quotient mapping and vice versa. 

A Q-module M is called faithful if (Vm G M){am — bra) => a = for all a,b € Q. 

Through the paper we do not distinguish between left and right modules if it is 
not important or if the meaning is clear. We write 1q and 1m for the quantale and 
module top, respectively, whenever a confusion is imminent. 

2. Simple and semisimple quantales 

The original construction |0, |^ characterizes simple quantales as discrete faithful 
factors. We are using stronger definition of faithfulness, in which discreteness is 
enclosed. In fact, this idea appeared in the proof of Pelletier and Rosicky but it 
was not fully exploited. 

Definition 2.1. By a simple quantale is meant a quantale Q such that 1-1^0 
and every its quotient morphism is either an isomorphism or a constant morphism 
on a trivial quantale. In other words, there are exactly two congruences on Q. 

By a semisimple quantale is meant a subdirect product of simple quantales. 
That is, a quantale is semisimple if it has enough surjective morphisms onto simple 
quantales to separate elements. 

Definition 2.2. A quantale Q is called a factor if T{Q) — {0, 1} and 7^ 1. 

Q is said to be strictly faithful if (V^ G C{Q),\/r G TZ{Q)){lar = Ibr) => a = 6 for 
all a,b e Q. 

Definition 2.3. Let Q be a quantale. A set P C Q is said to be separating if for 
every a,b £ Q,a ^ b there is an element p G P provided that a < p,b ^ p. Note 
that then every element of Q is a meet of elements from P. 

A nonempty set P, 1 ^ P is called cyclic if {a ^ p ^ 6 | a, 6 G Q} = P U {1} for 
every p £ P. In fact, any quantale having a cyclic set is nontrivial. 

Lemma 2.4. Let Q be a quantale. A nonempty set P ^ Q — {1} is cyclic, iff 
P U {1} is residually closed, t = /\P = I ^ p ^ 1 for every p E P, and every 
element p G P can be recovered from t, i.e., p ~ a t ^ b for some a,b £ Q. Then 
t is two-sided and a, b can be taken right-sided or left-sided, respectively. 

Proof. Let P be cyclic and p £ P. Then 

l^t^ /\P= f\ {a^p^b)=(\/ c^i^p^(\J b\=l^p^l, 

i.e., t G P. Thus PU{1} ^ {a ^ t ^ b \ a,b £ Q) . Since 1 ^ < ^ 1 G P U {1} and 
l^t^l<a— >i^6 for every a,b £ Q, we have t = I ^ t ^ I. Then 

a^t^b = a^{l^t^l)^b = (al) t ^ (61) 



The dual module, as well as submodules and quotient modules, is determined uniquely up to 
isomorphism. For simplicity, we ignore the difference of isomorphic modules. 
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and al G TZ{Q),lb G £{Q). Finally, 

hence tl < t. Similarly, It < t. It is evident that P U {1} is residually closed. 

Conversely, let P satisfies the considered properties. Then for every p e P we 
have p = a ^ t <— b fov some a,b £ Q. Thus 

P' = {c^p^d\c,deQ} 

= {{ca) t ^ (bd) \c,d€Q} 

C PU{1} 

and 

PU{l} = {c^t^d\c,d€Q} 

= {{cl)^p^{ld)\c,deQ} 
CP', 

i.e., P is cyclic. □ 

Theorem 2.5. Let Q be a quantale. The following conditions are equivalent: 

(1) Q is a simple quantale. 

(2) Q is a strictly faithful factor. 

(3) Q has a separating cyclic set. 

Proof. (1)=^'(2): Let t G T{Q). The assignment a a V t defines a surjective 
morphism Q t. Since Q is simple, we have either f = or t = 1, i. e. Q is a 
factor. From the additional condition 1 ■ 1 7^ we conclude 1-1 = 1, because 1 ■ 1 
is always two-sided. Let us put 

a ~ 6 ^ (V/ e /:(g),Vr e TZ{Q))(lar = Ibr). 

The relation ~ is a quantale congruence. Indeed, cr S Ti-iQ) and Ic G JC,{Q) for 
every c G Q,r G 1Z{Q), I S C{Q) and hence a ^ b ^ ca cb and ac ~ 6c. It is not 
hard to see that ^ is a sup-lattice congruence. If ~ 1 , then 0=l-0-l = l- l- l = l. 
Thus ~ is necessarily a diagonal relation, i.e., a ~ 6 <^ a = 6, and so Q is strictly 
faithful. 

(2) ^(3): Put P = {r ^ ^ ? I r G niQ),l G C{Q)} - {1}. PU {1} is residually 
closed, because b^{r^0^l)<— a = {br) ^ ^ (la). From the strict 
faithfulness we have that l-l-l^l-O-l. Since Q is factor and 1 • 1 G T{Q), we 
have 1-1 = 1. For p G P we have 1 ^ p ^ 1 G T{Q) = {0, 1}. If 1 ^ p ^ 1 = 1, 
then 1 = 1 - 1 - 1 < p, thus 1 ^ p ^ 1 = and hence P is cyclic. Let a b, 
then there exist r G TZ{Q),l G jC{Q) such that lar ^ Ibr. Since Q is a factor and 
lar. Ibr are two-sided, lar = and Ibr = 1. But it means that a < r — > Z and 
6 ^ r ^ -i— I, i.e., P is separating. 

(3) =>(1): Let P be separating and cyclic. Then = /\P = l— >p-«— Ifor every 
p G P and there are a,b G Q such that p = b ^ ^ a. Let a G Q and suppose 
lal < p for some p G P. Then a<l^p<— 1 = 0, that is a ^ lal = 1. 
Further 07^1 = 1-1-1<1-1. Consider a ^ b and a congruence ~ generated 
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by a ^ 6. There exists apGP, p = (i^0^c such that a < p,b ^ p. Then 
cad — 0,cbd ^ 0,cad ^ cbd and thus = Icadl ^ Icbdl = 1, i.e., there are only 
two congruences on Q, so that Q is simple. □ 

Let us recall from |^ the following definition. 

Definition 2.6. An element p of a quantale Q is said to be prime if 

alb <p^a<p or b<p 

for all a,b G Q. Let ViQ) denote the set of all primes of Q. 

Theorem 2.7. Let Q be a quantale. Then there is a bijective correspondence 
between cyclic sets and two-sided primes. 

Proof. Let p be a two-sided prime. We show that P = {a ^ p ^ b \ a,b G Q} is 
cyclic. It is sufficient to prove that l~>-{a—>-p-^b)^l=piia^p'^b=/=l, 
because c^(a— >p<— 6)^d = (ca) ^ p ^ {bd) G P for every c, d G Q. Note 
that from the two-sidedness of p it follows that alb <p'^a<poTb<p. Then 

q<l^{a^p^b)^l<=> blqla < p 

<^ blq < p or a < p 

<^b<p or q<p or a< p. 

But from b < p or a < p we have bla < p, i.e., a p b ^ 1. Thus g < 1 — > (a — s- 
p<— 10q<p, i.e., 1 ^ (a p ^ b) ^ 1 = p. 

Conversely, let P be a cyclic set, p G P. Put t = 1 ^ p 1, then evidently 
t e T(Q). Since P is cyclic and 1(1 t)l <lt<t, we have that t<l-^t<l^ 
t 1 — t, i.e., 1 ^ t = t and similarly t 1 — t. Suppose now that alb < t and 
a ^ t. Then a ^ 1 ^ t, i.e., t ^ a ^ 1 and thus 

t=l^{t^a)^l 

(1 ^ t ^ a) ^ 1 

(t ^ a) ^ 1. 

Hence 

b^t = b^{t^a)^l 
= {b^t^a) ^1 
= 1^1 
= 1, 

i.e., b < t ^ 1 = t. We have proved that t is prime. □ 

Lemma 2.8. If p e P{Q) and a e Q, then a p,p ^ a e P{Q) U {1}. 

Proof. 

blc <a^p=>bl-lc<a—yp 
^ 61 ■ lea < p 
=^ bl < p or ca < p 
^ b < 1 p < a p or c < a ~> p. 

Similarly for p a. □ 

Corollary 2.9. Elements of cyclic sets are primes. 
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Proposition 2.10. Let Q be a quantale, P a cyclic set. For a,b € Q put 

a b {^p e P){a <p<=^b<p). 

Then ^ is a quantale congruence with the property that the quotient quantale Q/ ^ 

is simple. Conversely, if f : Q ^ K is a surjective morphism onto simple quantale 
K with separating cyclic set R, then f^[R] is a cyclic set in Q. 

Proof. ~ is evidently a sup-lattice congruence. Suppose that a ^ b, i.e., a < 
p <^ 6 < p for every p G P. But then also a<c— >p<;4>6<c— >p and 
a<p^c<^b<p^c, i.e. ac ^ be and ca cb. 

Let g: Q ^ Q/ ~ be the corresponding quotient morphism. By definition, g[P] 
is separating and g~^g\p = idp. Then 

g{b) < g{a) g{p) <^ g{ba) = g{b)g{a) < g{p) 

^ba< g~^g{p) = p 

4^ b < a ^ p 

-^g{b) <g{a^p). 

Since g is onto, it means that g{a) —> g{p) < g{a — > p). Conversely, 
c < g{a ^ p) ^ g^{c) <a^p 
<^g'^{c)a<p 

^ cg{a) = g{g^{c)a) < g{p) 
<^c< g{a) g{p), 

i.e., g{a — > p) < g{a — > p). Similarly we can show g{p) <— g{a) = g{p <— a). Hence 

g[P] is cyclic and Q/ ~ is simple. 
The last assertion follows from 

f\c)^f\d) = f^{c~.d), 
f\d) ^ f\c) ^ f\d ^ c). 

Namely, 

a<f\c)^f\d)^af\c)<f^{d) 

^ f{a)c = /(a)/(/^(c)) = /(a/^(c)) < d 

f{a) <c^d 
^a< f^{c^d) 

and similarly for "<— " . □ 

Corollary 2.11. Let Q be a quantale. Then the following sets bijectively corre- 
spond. 

(1) two-sided primes, 

(2) cyclic sets, 

(3) maximal congruences, 

(4) (isomorphism classes of) simple quotients. 

Remark 2.12. (1) A semisimple factor Q is simple. Indeed, from 7^ 1 it 

follows that Q has at least one simple quotient. On the other hand, Q has 
at most one two-sided prime 0. Hence the simple quotient is unique and so 
the quotient map is an isomorphism. 
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(2) A factor with at least one prime has a unique simple quotient. If p is the 
prime, then 1 • 1 • 1 ^ p, i.e., 1 — > p <~ 1 7^ 1. Since 1 ^ p <— 1 is two-sided, 



it must be 0. By 2.8 we have that is a prime. It gives a simple quotient 
which is unique by the same argument as in (1). 

Theorem 2.13. The following conditions are equivalent: 

(1) Q is a semisimple quantale. 

(2) Q is strictly faithful and spatial. 

(3) Q is strictly faithful and T{Q) is a spatial locale. 

(4) The union of cyclic sets of Q is separating. 

Proof. (1)=>(2): A semisimple quantale is evidently spatial. Let a,b E Q and 
suppose that lar = Ibr for all / G C{Q),r G TZ{Q). Then for every surjective 
morphism f : Q K onto simple quantale K we also have 

= filar) = f{lhr) = f{l)f{h)f{r) 

and C{K) = f[C{Q)], n{K) = f[n{K)]. Thus, by the strict faithfulness of K, 
f{a) = f{b) and so a = b. 

(2) =>(3): If Q is spatial, T{Q) is also spatial and idempotent, i.e., it is a spatial 
locale d, |6| . 

(3) ^(4): Let a ^ b. Then there exist I G C{Q),r e Ji{Q) such that lar ^ Ibr. 
Since lar, Ibr G T{Q) and T{Q) is spatial, there exists a two-sided prime p with the 
property lar < p, Ibr ^ p, or equivalently a < r ^ p <~ l,b ^ r p ^ I. Thus we 
have cyclic set {c — > p <— d | c, d G Q] — { 1} separating a, b. 

(4) =»(1): It follows directly from ^.10[ □ 

Remark 2.14. In it was shown that every simple quantale K embeds into 
QR.{K) via left action on right-sided elements. Thus every surjective morphism 
f : Q K onto simple K can be extended to the quantale representation ^ : Q — > 
QTZ{K). One can easily check that this representation is equivalent to an arbitrary 
representation of the form /ip : Q ^ QiQ/p) (see where p is an element of 
corresponding cyclic set P. More generally, P itself (or its suitable part) can be 
ordered into a matrix giving an equivalent representation fip : Q ^ Q{Q/P)- It 
means that semisimplicity could be viewed as a stricter kind of spatiality. In case 
of locales, every representation is of the form / : L — > 2 and so surjective. Hence a 
locale is semisimple whenever it is spatial. This result is also a consequence of the 
previous theorem, because 1 A a A 1 = a for every a G L, i.e. locales are strictly 
faithful. The interpretation of a cyclic set as a (canonical) matrix of a module will 
be utilized in section ^ 

Example 2.15. Let S" be a sup-lattice and Q{S) a quantale of its sup-lattice 
endomorphisms. Then elements of the form 

[pxV Xy){z)= h Q^z<y, 
[0 z = 

for x 7^ 1, y 7^ form a cyclic separating set of Q{S). But not all primes of Q{S) 
have to be of this form. For instance, if S' = Ai^ is a five-element "diamond" lattice, 
then the identity satisfies aip < id al/3 = 0. Since is a prime, id must be a 
prime too and it is not of the above form. The same is hold for all endomorphisms 
arising from permutations of three atoms of 



8 



DAVID KRUML AND JAN PASEKA 



We can construct now a proper class of non-isomorphic strong modules (see [|j 
for definitions of used terms) over Q{Ai5). Indeed, for every index set / of arbitrary 
cardinality we have a prime matrix with id on the diagonal and otherwise. Strong 
modules produced by these matrices have different cardinalities, hence they are not 
isomorphic. On the other hand, every quantale has only a set of cyclic sets. This 
example explains that, in some situations, the set of cyclic sets can be a better 
notion of a quantale spectrum then a set of primes or a category of strong modules. 

3. *-SIMPLE AND *-SEMISIMPLE *-QUANTALES 

Definition 3.1. By a *-simple *- quantale is meant a *-quantale Q such that 
1 ■ 1 7^ and every its quotient *-morphism is either a *-isomorphism or a con- 
stant *-morphism on a trivial *-quantale. In other words, there are exactly two 
*-congruences on Q. 

By a *-semisimple *-quantale is meant a subdirect product of *-simple *-quant- 
ales. That is, a *-quantale is *-semisimple if it has enough surjective *-morphisms 
onto *-simple *-quantales to separate elements. 

Definition 3.2. A *-quantale Q is called a *-factor if HT{Q) = {0, 1} and 0^1. 

Definition 3.3. Let Q be a *-quantale. A set P C Q is said to be *-separating if 
PUP* is separating (where P* = {p* \ p e P}). 

Theorem 3.4. The following conditions are equivalent: 

(1) Q is a *-simple *-quantale. 

(2) Q is a strictly faithful *-factor. 

(3) Q has a *-separating cyclic set. 

Proof. (1) =i> (2): If t G HT{Q), then a mapping a ^ a V t gives a surjective 
*-morphism. Since Q is *-simple, t is either or 1, i.e., Q is *-factor. From 



1 ■ 1 G Ti.T{Q) we have 1-1 = 1. The congruence defined in 2.5 is also a *- 
congruence, and by the same argument Q is strictly faithful. 

(2) =^ (3): Suppose that Q is strictly faithful *-factor. Since 1 • 1 £ HTIQ) and 
1 ■ 1 • 1 7^ 1 • • 1, we have 1-1 = 1. Let m, t G T{Q) - {1}. Then uu* , tt* G nT{Q) 
gives uu* ^tt* ^0 and (u V t){u* V t*) = ut* V u*t G TiT (Q) implies that u V t = 1 
or ut* = 0. Similarly, from {u V t*){u* \/ t) = ut \/ t*u* we derive u \/ t* = 1 
or ut — 0. If both ut = 0,ut* = 0, then t — or t V t* — 1, which implies 
ul = u{t V t*) = ^ 1m1 = ^ m = by the strict faithfulness. If both 
It V t = 1, u V t* = 1, then from t 1 we have 

1 = (u V t){u V t*) = V ut* ytuVtt* < ul V ul V Iw V < u, 

a contradiction. If, for instance, uV t — l,ut — 0, then 

ul = itl ■ 1 = u{u* V t*)l ^ ut*l < t*l 

and 

t*l = t*l-l = t*{uV u*)l = t*ul < ul, 

i.e., ul = t*l. Now assume ur for some r G TZ{Q). Then we have 

ulr < ur < ul = u{ur V r*u*) = u^r < ulr. 

Otherwise ur = ^ ulr = 0. That is ur = ulr for every r G TZ{Q), and hence 
lur — lulr for every / G C{Q),r G Ti-{Q) gives that u = ul. Similarly it can be 
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shown that t* ~ t*l, thus u — t* . In the last case uW t* — 1, ut* = 0, by a similar 
trick we derive u = t. Altogether, T{Q) is a two-element chain {0, 1} or a four- 
element Boolean algebra {0,t,t*, 1}. Put v = oi v = t respectively to these two 



cases and P ^ {r ^ V ^ I \ r e n{Q),l e C{Q)} - {!}. Then P is cyclic (see 2.5) 



and so is P* . In case of u = the set P is separating by 2.5, otherwise consider 
a^h, then lar ^ Ibr for some I e C{Q),r G TZ{Q). Thus Ibr ^ w and lar < w for 
some w g {u, w*}. In other words a<r~^w'^l,b^r—>w'^l. 



(3) ^ (1): Let t = /\ P. From 2.4 we have that < = 1 ^ p ^ 1 for every p e P. 
Further lal < p for some p € P implies a <t, thus l-l<p^l-l-l<p=>l<t, 
resp. 1 • 1 < p* 1 < i*, hence 1-1 = 1. If w e T{Q), u ^ I, then u < p for some 
p £ P ^ P* and we have u<\^u^l<\^p^\ = tox... = t*, i.e., i, i* 
are maximal two-sided. Consider a ^-congruence ~ generated by a ^ 6 for some 
a ^ 6. We have some p G PUP* such that a < p,b ^ p, suppose p E P. Then 
p — d ^ t ^ c for some c,d E Q. Put u = Icadl, u = Icbdl, from a < d ^ t ^ c 
we have cac? < t and u < Itl < t, and similarly from b ^ d ^ t c we have 
c6d ^t=l^i^l, i.e., v ^ t. Now u ^ v gives that t = tVu'^tVw = l. Hence 
also r - 1 and = A ^ A A = ^ A i* > tt* - 1 ■ 1 = 1, thus Q is *-simple. □ 

We conclude a *-analogy ofi 

Theorem 3.5. Let Q be a *-quantale. Then the following sets bijectively corre- 
spond. 

(1) pairs of mutually *-adjoint two-sided primes, 

(2) pairs of mutually *-adjoint cyclic sets, 

(3) maximal *- congruences, 

(4) isomorphism classes of *-simple quotients. 

Similarly as in [|| 5.3., we have the following statement. 

Theorem 3.6. A *-quantale Q is *-semisimple, iff it is semisimple as a quantale. 

Remark 3.7. In ||], the first author introduced a notion of a D-spatial *-quantale 
beacuse of the difference of simple and *-simple *-quantale. We have also an oppor- 
tunity to introduce a similar concept. Let us call a quantale D- semisimple if it is a 
subdirect product of simple *-quantales. A cyclic se t P i s called *-cyclic if P* = P. 
An ardent reader can find appropriate analogies of ^.IS , ^ using *-cyclic sets. One 



remarkable fact is that *-cyclic sets arises from hermitian two-sided primes. 



4. Simple modules 

In ring theory, by simple modules are meant modules without proper non-trivial 
submodules. One can easily see that any simple module M has also only two 
quotients — the trivial one and itself, because kernels of the quotient mappings are 
just the submodules of M. This simple fact is not longer true for the case of 
quantales, so we have to state the following notion of simplicity. 

Definition 4.1. Let Q be a quantale. A Q-module M is said to be simple if 

• its only submodules are M and {0}, 

• its only quotient modules are M and {0}, and 

• the action is non-trivial in the sense that Ig ■ Im ^ Oj\/. 
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Further, if i? is a (unital) ring and M a simple faithful i?-niodule, then R is 
a simple ring, i.e., its ideals are only R and {0}. Indeed, let x G M,x ^ and 
/ C i? an ideal. Then Ix = {ix | i G /} is a submodule of M. Since A/ is 
simple, Ix is either M or {0} and from the faithfulness we have that / is either 
R or {0}. Conversely, taking the ring itself we show that every simple ring has a 
simple faithful module. Although the "idealic" tricks are not disposal for the case 
of quantales, we are able to prove similar results. 

Lemma 4.2. Let Q be a quantale, M a simple Q-module. Then M°p is also simple 
and it is faithful whenever M is so. 

Proof. The first assertion is a consequence of module duality. Let M be a faithful 
left Q-module, a ^ b elements of Q. We have some m ^ M such that am ^ bm. 
Then m < am ^ a but m ^ am <— b, i.e., M°p is faithful. □ 

Theorem 4.3. Let Q be a quantale, M a left Q-module. Then M is simple iff 
Qm — {am \ a G Q} ~ M for every m G M, to ^ and m ^ Q ~ {m <— a | a G 
Q} = M for every m G M, m ^ 1. 

Proof. Let M be simple, m 7^ 0. Note that the set Qm is a submodule of M. 
If Qm = {0}, then {0, m} is a submodule with trivial action, thus it is proper — a 
contradiction. Hence Qm is a non-trivial submodule, i.e., it is M. Since M has only 
two quotients, M°p has only two submodules and by the same argument adapted 
to M°P we get the second assertion. 

The backward implication is evident. □ 

Theorem 4.4. A quantale Q is simple iff it has a simple faithful Q-module. 

Proof. Let Q be simple. We take TZ{Q) as a left Q-module. It is not hard to see 
that the assignment a ^ b ^ (Vr G TZ{Q)){ar = br) defines a quantale congruence. 
From 1 ■ 1 ^ we have that ^ is not a full relati on, hence a ^ b ^ a = b. But it 
actually says that TZ{Q) is a faithful module. By ^.5| Q is a strictly faithful factor. 
Since Ir G T{Q) for r G TZ{Q), we have Ir = 1 whenever r 7^ 0. Further Ir — Irl for 
r G n{Q),l G C{Q), hence r = rl. Thus rs = rls = rl = r for r, s G 7^(Q), s ^ 0. 



Using 4.3 we have that TZ{Q) is a simple module. 



Conversely, let Q be a quantale and M a left simple faithful Q-module. For 



every m G M put = \/{a G Q | uIm < "t,}. From 4.3 it follows that there exists 
a £ Q such that ali\i = m, hence r„ilM = ™- Since t^Iq • 1m < r^n^M — m, rm 
is right-sided. Similarly, for Im — \/{a G Q | Om ^ a > m} we have Om ^ a = m 
for some a £ Q, hence Om ^ Im — ™ and 

Om ^ (Ig'm) — {Om ^ 1q) ^ Im > Om ^ Im, 
i.e., Im is left-sided. If now a ^ b in Q, then there is m G M such that oto ^ bm 



and thus ar™ ^ for™. From |4.2| we have that M°p is also faithful, thus there is 



n £ M such that n ^ (arm) 7^ ri <— {brm), hence InOr^a 7^ Inbrm-, i-e., Q is a 



strictly faithful quantale. Finally, let t G T{Q),t ^ 0. From 12 it follows that 
Iqto — Im for every non-zero to G M. Since M is faithful, Hm ^ 0. Thus 
tm > IqUqm — IgtlM — Im for every non-zero m, i.e., t = 1. We have proved 
that Q is factor, and hence Q is a simple quantale by |]^. □ 

Corollary 4.5. Let Q be a quantale. Then (isomorphism classes of) simple Q- 
modules bijectively correspond to cyclic sets on Q. 
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Proof. For a simple Q-module A/ consider a set of elements = \/{a E Q \ an < 
m} for all pairs {m,n) e Af x M. By similar calculations as in the proof of 4.4 



we get p™ = rm y In and ^ = Px whenever to ^ l,n ^ 0, hence 

P — {Pri I 7^ 1, n ^ 0} is cyclic. 

Conversely, for a cyclic set P take arbitrary p G P and put M ^ {a ^ p \ a E Q}. 
Then M with operations /\, — > forms a left Q-module. From H it follows that the 



dual module is M°p = {p ^ a \ a Q} with /\, Hence the condition in 4.3 is 
fulfilled and M is simple. 

An element n G M corresponds to a subset {p™ | to G A/, to ^ 1}. It is not hard 
to check that a — p™^ if to 7^ 1, i.e., the module action on M works as — > on 

P. Finally, the assignment n i— > converts \/ in M to /\ in P. □ 

Corollary 4.6. A quantale Q is semisimple iff a family of simple Q-modules sep- 
arates elements, i.e., for a ^ b there is simple module M and m G AI such that 
am ^ bm. 

Remark 4.7. If Q is a *-quantale, then for every left Q-module M there is a right 
Q-module M* with the same sup-lattice structure but with an action given by 
m* a = a*m. Using duality we have a left Q-module (A/*)°p. Obviously, (Af*)°P 
is simple iff M is so. One can check that if P is a cyclic set of Q and defines a 
module M, then P* defines (Af*)°P. If P is *-cyclic, then M = (A/*)°p, i.e., M is 
a *-module (cf. [§). 

5. Simple quantales versus C*-algebras 

In this section, we point out which role the notion of cyclic sets can play in 
theory of C*-algebras. A non-expert reader is recommended to some monograph, 
e.g., (2|, and a substantive paper Q. 

Definition 5.1. Recall from that by a spectrum of a C*-algebra A is meant a 
*-quantale Max A of all closed subspaces of A with operations 



XY = {xy \ x £ X,y G Y}. 

Example 5.2. Let A — A'/2(C) be an algebra of 2 x 2 matrices over C, i.e., A is a 
C*-algebra of all (bounded) linear operators on a 2-dimensional Hilbert space. By 
easy computations we see that all proper non-zero right ideals of A are of the form 

for some fixed k,l G C. Similarly, proper non-zero left-sided ideals of A are of the 
form 

ka la^ 
kb lb, 



^k.l 



a,b e 



Thus all of these right (left) ideals are maximal and R^i = Lj. j. From theory of 
operator algebras it follows that a given functional on a C*-algebra is a pure state 
iff its kernel is RV R* for some maximal right ideal R. Further, AM A = A for every 
non-zero matrix Af, hence AX A = A for every non-zero (closed) subspace X oi A 
and thus A ^ X ^ A = {0} for every proper subspace X. This guarantees that the 
set P ^ {X ^ {0} ^ Y \ X,Y € Max A} is cyclic. We assert that P contains all 
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kernels of pure functional!^ of A. Indeed, Li,-kRk,i = {0} and we observe that Rk.i 
is the greatest subspace with this property, i.e., Rkj = {0} ^ Lk,-i. By similar 
computations we get 

Rk,l V im,ri = Rn-m ^ {0} ^ Li^^k, 

particularly for m = k,n = I it gives a kernel of a pure state. Further, one could 
easily check that every one-dimensional subspace of A is a meet of elements of the 
form RV L for some maximal right ideal R and maximal left ideal L. Although P 
is not separating set for P, from the above observation it follows that P separates 
atoms of Max A. So Max A is "almost simple" ,^ and the algebra A can be fully 
recovered from Max A. By little bit more complicated calculations one can get a 
similar result for every M„(C), n G N. 

Since pure states separate elements in arbitrary C*-algebra, one could hope that 
its spectrum holds the above properties. Unfortunately, two irreducible represen- 
tations of a general C*-algebra may have the same kernel but they need not be 
equivalent. It is the main reason why not all pure states are contained in cyclic 
sets. Thus we do not know if cyclic sets are separating for one-dimensional sub- 
spaces. 

A way out could arise from the following concept. 

Definition 5.3. Let Q be a quantale, S its multiplicative subsemigroup such that 
e 5*. 

A set P is called S -separating if for every a,b d S, a ^ b there is an element 
p e P provided that a < p,b ^ p. 

A set P is called residually S-closed ifa—>p,p^a£PU {1} for every 
aeS,pe P. 

A nonempty set P, 1 ^ P is called S-cyclic ii {a ^ p ^ b \ a,b ^ S} = P U {1} 
for every p G P. 

Example 5.4. Let A be a C*-algebra. Put 

S = {{a)\aeA}, 

where (a) denotes a one-dimensional subspace spanned by a, 

P = {kei (j){a^b) \ a,b G A, (j> is a pure state}, 

i.e., P contains subspaces of codimension 1 and which are kernels of so called 
pure functionals. From general theory of C*-algebras we know that pure states 
correspond to vector states of irreducible representations. More generally, pure 
functionals correspond to vector functionals. If a, b are two linearly independent 
elements of A, then there exists an irreducible representation tt : A ^ ^{H) in 
which 7r(a), 7r(6) are also independent, i.e., we can choose a basis of H such that one 
of a, b vanishes at some matrix element, while the second one is nonzero, for instance 
suppose (77 I 7r(a)C) = 0, (77 | 7r(fe)() ^ for some ^ H. Put = (?? | t^{^)C) and 
we have that (a) < ker 4>, (6) ker (p, hence P is 5-scparating. One can see that 

(b) ker0 ^ (a) = ker0(a^6). 



4See 0. 

'^It is mentioned in 61 that Max A contains a subspace not reachable by primes, hence it is not 



spatial in the sense of | ^, ^ . 
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thus P is residually S'-closed. Now we will show that the set 

= {ker0(a„6) | a,6 G A, (/)(a„6) ^ 0} 

for some fixed pure state (p is 5-cyclic. If (j){a^a*) is nonzero, then it is (real) multiple 

of some other equivalent pure state ijj (i.e., kcr 4>{a^a*) = kcrip) and so there is some 
unitary u ^ A such that ip(u^u*) = (j) and thus kerc^ = 'kei <t){ua^a* u*) . Similarly, 
we can find unitary v such that kert^ = ]<iev(f){v*h*J)v). Hence 

{a*u*v) — > 'kev(j){aJ)) <— {v*h*u) = kev (f){v*b*{ua^ba*u*)v) 

= ker (j){v*b*^bv) 

= ker (j). 

We conclude that the union of S'-cyclic sets of Max A is S'-separating for arbitrary 
C*-algebra A. 

One tantalizing question left open is whether there are appropriate concepts 
of S'-faithful, S'-simple, S'-semisimple quantales. Is there some link to simple and 
semisimple C*-algebras? We hope that an answer to this question, in either di- 
rection, will shed some light on the current debate about the quantale-C*-algebra 
connections. 
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